Int J Solids Structures Yol 22 No 3. pp 293-306, 1986 0020-7683/86 $3 00+ 00
Printed in Greal Britain Pergamon Press Ltd

DYNAMIC RESPONSE OF ELLIPTICAL FOOTINGS

ARABINDA ROy
Department of Applicd Mathematics, Calcutta Umversity, University College of Science, 92,
Acharya Prafulla Chandra Road, Calcutta-700009, India

(Received 30 November 1982; in revised form 17 August 1984)

Abstract—Dynamic response of an elliptical footing 1n frictionless contact with a homogeneous
elastic half-space is considered. Both vertical and honzontal vibrations are treated. In the case
of the vertical vibration, the mixed boundary value problem gives rise to a set of dual integral
equations. For the horizontal vibration, we have a system of dual integral equations. The dual
integral equations which are two dimensional in nature are reduced to two-dimensional Fred-
holm integral equations of the first kind. They are then recast in a suitable form after separating
out the static solution. Successive low-frequency terms are then obtained by utilising the static
solution. The series solutions up to w?, w beng the frequency, are obtained, and analytical
results for the dynamic compliances are obtained. In the limiting case of a ctrcular footing, our
results are in agreement with those of previous authors.

1. INTRODUCTION

Analytical resuits on the dynamical response of footings and soil structure interaction
are usually available for circular footings and infinite strip loadings. Such results have
important bearings on the stability of buildings and vibration of dams and similar large
structures subjected to earthquakes. Awojobi and Grootenhuis[1], Robertson[2], Glad-
well[3] and others have considered the problem of circular footings in detail. The dual
integral equations that arise in such mixed value problems are usually solved by Noble’s
technique[4], and power series solutions, valid in the low-frequency range, are usually
obtained. Awojobi and Grootenhuis used a series expansion procedure to solve the
same dual integral equation. Shah[5], and later Luco and Westmann[6], solved nu-
merically the Fredholm integral equation and obtained the dynamical compliances for
a wide range of physically important frequencies. A list of available references can be
had in [6].

To improve the dynamic models of buildings and other structures, it will be fruitful
to have analytical results for foundations other than circular ones. In this paper we
develop a method for elliptical footings. Both vertical and horizontal vibrations are
treated. In the former case, the vertical displacement is prescribed while the disc is in
frictionless contact with the elastic half-space. In this case, we have a two-dimensional
dual integral equation. In the latter case when the horizontal displacement is prescribed,
we have a system of dual integral equations. Noble's technique, which could be easily
adapted to solve dual integral equations that arise in the circular case, is no longer
useful in our case because the dual integral equations are two dimensional in nature.
We first reduce the dual integral equation to a Fredholm integral equation of the first
kind which is then rearranged in a suitable form so that successive low-frequency terms
can be generated once the static solution is known. We obtain first two terms of the
power series up to k3. Analytical expressions for the dynamical compliances of the
elliptic disc experiencing vertical and transverse horizontal vibrations are obtained.
We note that in the case of vertical vibration, Stallybrass and Scherer[7] used a
variational approach to obtain the analytical expression for the reciprocal of the total
load under the disc. Our results are in agreement with theirs up to the order of terms re-
tained. For the horizontal vibration our results are believed to be new.

2. BASIC EQUATIONS

Let the footing be modeled as a rigid elliptic disc resting on a homogeneous elastic
half-space. With reference to a Cartesian coordinate system (x, y, z), with origin at the
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centre of the elliptic disc, let the region bounded by the elliptic disc, which is in fric-
tionless contact with the elastic half-space, z = 0, be given by

x2 2

y
S:F+p~$1, z=0, (1

where a, b (<a) are the semiaxes of the ellipse.
The displacement u(u,, u,, u.) is given in terms of the potentials ¢, ¢ and x as

u=Vd +V xVXx(l)+V X ey, 2)

where

o= [ [ e meermearan,

b= [ [ B weerm -t ggan, )

x= [ [ . ciemeermnagan,
where e, is unit vector along the z-direction and

v = (2 = kD2, vy = (K~ k2 “4)

k= (8 + %W)? k = wlaand k; = w/B; a and B are the P- and S-wave velocities of
the medium; the harmonic time dependence, ™2, will henceforth be suppressed.

For the solution to be outgoing at infinity, we choose the branch cuts, outwards
to infinity, along the real axis with

v, = Ji(k? - kH)'2, -k <k<k, 5
- (K = kD)2, ks -k
for j = 1, 2. The displacement and stress components are, from (2),

w= [ [ -iglaEwe - B me)
- EC\(Eme e~ & dEdn,
w= [T [T l-vai@wee + @ + By e
X e~ &+ g dm,
ra=n [ [ - 2mAE e + 28 + 27 - e

X Bi(§, )} + imv2Cy(, m)e "= Je &+ dedy,

(6)

re=w [ [T 108 + 207 - kDA e - 28 + )
X By(§,me™=]e” & dgdn.

uy and 7, can be obtained from the expressions for u, and 7.., respectively, upon
changing £ by m and 7 by (—£).
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3. VERTICAL VIBRATION OF THE DISC

We consider first the problem in which the disc performs vertical vibration of
constant amplitude w,. Boundary conditions in this case are

T =0, x,y €S, (7a)
T = 0 =7y for all x, y, (7b)
u; = wo, (x,y) €S. (7c)
Condition (7b) gives
Ci€,m) =0, 2v,A,(€, M) — Q8 + 27 — k3)By(E, m) = 0. 8)

Using (8), (7a) and (7c) and defining a new unknown A(§, n) as

F (§. W g

A, m) = By\(§, m), &)

where

FE m) = (8 + n* — k320 - (& + nDvivy, (10)

we obtain the following dual integral equations:

r f” A(g,m)e" &+ dEdn = 0, x,N€ES,

J’ = A(E, ki,
—®J == 2F(§,Tl)

(11)
e e dEdn =wy, (x,y)ES.

4. FORMAL SOLUTION

If the frequency tends to zero, one obtains the dual integral equations for the static
loading. We represent the static solution by Ao(€, 1) as w — 0, where

l 90 2
—‘;I'- f—a f-w AO(E’ -q)e"l(ir\'*"ny) dg dﬂ = go(Xy }’),

where

gO(x’ .)') = 09 (-xa )’) e S- (12)
Then

1 -
Aot m) = 5 [ gotx', yree = dx ay. (13)

Setting (13) in the limiting form of (11), as w — 0, one obtains the following Fredholm
integral equation for the determination of go(x, y):

golx’, ¥') o _ _ __Wo
J[EFE s = - 5725, wyeEs, (14)
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where we have used the relation

_I_-.. 1 _ 1 et * e"e(l“x')-m(y—y')
R [x=xV+(y-y)P"? " i;}’f_,f_, @+ )7 dgdm. (15)

v is Poisson’s ratio.

When § is an ellipse, the form of (14) is similar to that encountered in the acoustic
diffraction by a soft elliptic disc[8]. Following [8] we set

coH(l = X*la* — y*/b?)
(1 — Pla® - ybH)'? °

golx, y) = (16)

where H(z) is the Heaviside unit function. Then using the value of the integral listed
in the Appendix, we get

Co = — W()/41Tb(] fad V)K. (17)

where K is the elliptic integral of the first kind with argument ko = (1 — b?/a?)'2,
In order to get a solution of (11), we set

! = %
2 f = f _ A meT &t dEdn = g(x, ¥), (18)

where g(x, y) = 0, (x,y) € S.
Then the first equation in (11) is automatically satisfied. Substituting (18) in the
second equation of (11), separating out the static solution, and rearranging, we get

-1 — glx'.y") 1= r k3v, 21 - v)
21 - [, = ds+zfrf—xf-=H2F(§,n)+(§2+n2)"2}

X ﬂsg(x',y’)e“""“""""”"’dx'dy']dédn =wo (x,)ES. (19)

Integral equation (19) will now be solved for the low-frequency case. To this end
we assume, for k.a <€ 1, that g(x, y) has the low-frequency expansion

g(x, y) = golx, y) + wgi(x, y) + w’galx,y) + -, (20)

where go(x, y) is given by (16).

We note that, by virtue of choice, the integrand in braces in the second integral
in (19) vanishes as w — 0. Thus the low-frequency expansion of the integrand starts
with a first order in w.

Hence, substituting (20) in (19) and equating like powers of w, the equation de-
termining g,(x, y) is then obtained as

ﬂ;‘*"—(’%-”-'—’ds=1.. @

wJ, is the first term in the low-frequency expansion of /;.
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k2vi e~ HEx+m»)
L= 411'(1 - ) [I—xf {F(E ‘n) v

X fs golx’, y')e'® ) dx’ dy’} dg dn]

go(x y') e~ la=x)—my=y) gy’ dy’
T ﬂs &+ ° W

On using (15) and (14) the alternative form of /, is

kv e~ HEx+ny
h= g —v)U I {F(e LR

X fsgo(x',y')e““'*"’" dx’' dy'} d¢ d'q] -3 ¥o

—(l-—_——;s . (22)

Similarly, the equation determining g.(x, y) is given by

ffsi’—";;—y'-) ds = Js, (23)

where w?/J; is the first term in the low-frequency expansion of I2, which is given by

_ 1 ® s k%v,
b=ma =y U—« fres
X { f ; (80, ¥) + wgix', y" e =X =iny=y) gy’ dy’} d¢ dn]

Wo

T 21 - )

- w/). (24)

In a similar fashion any g,(x, y) is related to lower orders g,—,(x, y), etc. through a
similar integral equation.
We now obtain the first-order expansion of the integral I,. Using

k cos x, n = ksinx,

x=rcosd, y =rsino,

the values of go(x, y) from (16), and some standard formulae for Bessel functions give,
after simplification.

1| = 1” + l|z - Wo/2(1 - V). (25)
In (25) we have
_coab ™ = kiv, sin[k(a® cos® x + b?* sin? KL""]
=309 Jo 270 7" ~ (@ cost x + B sin? 02 dk dx.
_ coab 2 kivl
In = - 522 2_:, L sac danthr (26)

9 sin[k(a? cos? x + b? sin® x)'?)
(@cos’y + bPsin® )2

cos 2nx dk dy (cos 2n¢),
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where
F(k) = (K — k32 = k(K = kD)2 — kD'~ 27)

Following [1] and [3] and considering an appropriate integral in the upper half-
plane, another form of /;; 1s

b I ka k2 k: - kz 112 o —th(a?cosdy + b2sinix)i/2
Cod { 5(k1 )'ce Jo(kr) dk

T20=wdo Jo 20k = K32)F + (k% - kD) (kE — KDK?)
k2 (k3 — k2)"2k3k*(k? — k3)Jo(kr)
& 2K — K3 + KR = ) (k3 - kD))°

—th(a2cos?x + bisin2x) |12 dk

‘"(SZR - k%)llz 2 o~ 1SR(a2cos2x + b2sinx) 12 dX
2F'(SR) kze Jo(Skn) (@*cos?x + bsin*y)'?
o= -2{}, (28)

where {} is the term on the r.h.s. of /,,, except that Jo(kr) is replaced by J.,(kr)
X cos 2nx cos 2nd. In (28), sk is the real root of F(k) = 0. Expanding (28) in powers
of w we get

I, = = coFo2bK + ikoF abcom — ——2— + o(k2)
2(1 = v)

where,forn =10,1,2,.,,,

202 _ ,2\112
F, L [Ll K" dr - ﬁ-(s———yl—] ,

D) o)
t(.yz _ t2)l/2
(P =3P + (¥ - 2)2(1 - )12’ 0<t<vy,
H(r) =
13(12 — .YZ)(] - t2)l/2
(,2_”4_,_,4“2_72)(1_'2), y<t<l,
Y = kilkz, Sr = kys. (29)

We note that F,(n = 0, 1), defined in (29), is similar to that occurring in [3] and {7].
Also, Fy = w. Then using the values of ¢, from (17) and F, we get

I, = ikacoabmF, + o(k3). (30)
Then (21) and (30) gives, similar to (14),

x.y) = icoaw H(1 — x*/a® — y*/b?)
gl X,)' - 2BK (] _x2/a2 __y2/b2)|/2 *

3D
A similar analysis gives
L= %bk%K(xz + %) + coa®bF2Ek} — =2 abmFik}

2K

+ %‘%k%(x’ — V) 2E ~ (1 + ki)K] + o(kD), (32)
0
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ko = bla. Thus

', 1 1
[[eEr)ys - 2 (33)

w

As in [8] we seek a solution of ga(x, y) in the form

g2lx,y) =

C20 + C21X2 + C22? H(l x2 y>. (34)

(1 = x¥la® = yIb*)"” a B
Constants c20, c2; and c2; can be determined on equating coefficients and written down
from [8). However, for our problem we are interested only in [[s g2(x’, y') dS. For

this we need not compute g(x, y) directly and can proceed as follows.
Muitiplying (33) by [[s go(x, y) dS and interchanging as in [9], we get

ngz(x',y')dS Lgo—(;-’!)ds = ;lingo(x,Y)IzdS.

Using (14), we get

1
- 2(lw_0 v) j;g'Z(X’,y')dS = Eleng(xy)’)ds. (35)

On carrying out the requisite integrations which are elementary and using the value
of go(x, y) from (16) we get

f f g2(x',y')dS = ‘z’gzjg[ F:E - ’;‘;‘] (36)

The total load P to be applied on the disc is given by
P= - [[ ratx,y, 00dxdy. 37)
From (6), (8) and (9) one can write

P=-2f[ [ [T Awme-rermdedndray

= -41mﬂ;g(x.y)dxdy

_ 2uwoma iksaF, k3a ( Fin
'(t—v)K[H 2K T am \3FE 214')+ olk3) (38)

The reciprocal of the total load is given by

1 _(1=wK[, ikaF, 2k3d* .
P 2uwgyma [l 2K 37K FE+olk) |- (39)
This agrees with the corresponding expression given in {7] {eqn (39)], up to o(k3) if we

interchange b with a and replace w by —w to conform to the notation of Stallybrass
and Scherer{7].
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S. HORIZONTAL MOTION OF THE DISC

We now consider the more complicated case of translational motion 1n the x-
direction. The boundary conditions, at z = 0, are

T = 0, for all x, y, (40a)
T = Ty = 0, x,y) &S, (40b)
Uy = Uy = constant, (xy)€SJS, (40¢)
uy = 0, x,y)es.
(40a) gives, from (6),
(8 + 20* = KDAIE ) = 218 + WYIBiE, v). 4n

Setting (41) in the boundary conditions (40b) and (40c) and defining new unknowns
B(E, m), C(£, n) such that

4B l(gs ﬂ)F (gs 'ﬂ)

B¢, “) = (2&2 + 2"‘2 — k%) s CE m) = Ci§, n) vy, (42)

we get the following system of dual integral equations:

[o [ B m + inC wle e dean =0, (N €S, @)
[0 [ B w + igCE Wi+ dedn =0, (€S, @b)

and

R iEvok3 ~q ) _
f..sf..,,[ 4F(§ )B(g(ﬂ) C(gv ’ﬂ)] € w dgd"\ = Uy, (X-p}’) es N (43(})
B - mvzk§ _.E. —H{Ex+ny -
f . f. [4F(§ oy & + PCE, n)] @rwidedn =0,  (ny)ES. (43d)

In order to solve the above simultaneous system of dual integral equations we
consider first the solution of corresponding dual integral equations for static loading.
Thus let the static solution be represented by

_1_, = = - i - 1Ex + ) =
7 o [ B+ nCae e e = foen

I = x . .
27 [ —= f - [mBo(E, m) + iEColE, M)l & *™ dE dn = holx, y),
where fo(x, ) = hi(x, ¥) = 0, (x, ¥) € S. Inverting (44) we get

—EFo(E, ) + nHu(&, )

&+7 ' (45)
nF0(§9 'ﬂ) + {ED(& )

§2 + nz '

iBo(€, m) =

“CO(gs 11) =
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where

= 1 -
Fo(€, M) = — folx, y)e'® '+ dx' dy’,
2w JJs

(46)
— 1 , .
Ho(t, m) = 5 [[, hota', yee v ax' dy'.
Substituting (44) in the limiting form of (43c) and (43d) we get
az 82
- [u - v)a—; + gy—z] [ fotx', 3R as
Yow 5 I ot R as =, @n
axa f folx', )R dS
62
+[(1— )a2+ax2]f ho(x', y)R dS = 0.
Solutions of fo(x, y) and Ao(x, y) are obtained as
_ ¢ HU = x?la® - y*/b?)
.fo(x, J’) = (1 _ x2/a2 _— yZ/bZ)IIZ 4 (48)
ho(x,y) = 0,
where
= - Uo
V= T =) @) + Pl 45
Substituting the value of
R dS
I = ﬂ:v (1 = x"%a® — y?/b?)'?
listed in the Appendix, we get, after some simplication,
2
€, = - uokp (50)

2nb[(1 — v)(E - ki’K) + K - E]’

In order to get the solution of the system of dual integral equations, we assume

l-n f_: f_: [-#&B(E, m) + inC(E, mle™"&*™ dg dn = f(x, y), (51

—l,; f_’; f_:_: [“"B(gv TI) + i§C(§. n)]e"‘“*"“" dg d-q = h(x’ y),
where

fx,y) = h(x,y) =0, (x,y) &€S.

Then (43a) and (43b) are automatically satisfied. Substituting (51) in (43c) and (43d),
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after separating out the statical part, we get on rearranging that

9 & .,
—[(1-v)a—y2+~a-;]fff(x,ymds

f h(x', IR dS = eilx, ),

axa

o
_[(l_v)axz ]f A(x', YR AS = ex, y),

(52)

where

_ 1 -
acy =3 [ [4F(§ » 2(§=+n’)'”]

.(ngi_;‘._z.S e~ e +ny) {gz ff f(x y )el(ix +) 4y

- & f fs h(x', y')e'® +v9 ds} dt dn

i NE [?fl @ ;2)2)"’] :g;"::;
X [nz ffs fix', yeter' +w) 4

+ &n ff h(x', y' )@+ ds] dt dn,

1 —w
&, ) = f-= f*» [mg, w28 + n*)*”]
2

k3 e
m e--:(&**ny) [_ §.“ fj; f(x', y:)ec(éx +m )ds

2 1y )alEx +ny’)
+nﬂ;h(x,y)e w dS]dgdn
_—Lfm j-ao ‘L‘ 1 e-l(€x+ny)

w)-w)ali T @+ R €@+ )

X [En f fs fx', yel® '+ 4§

(53)

+ & f fs h(x', y')ees’ + dS] dE dn.

A low-frequency solution of (52) will now be presented. To this end assume that
f(x, y) and A(x, y) have the following low-frequency expansions, for k;a < 1:

f(xy )’) = fO(xv )’) + mfl(xi )’) + msz(xv )’) + o, (54)
h(X, )’) = hO(x’ )’) + (l-)h](x, }’) + thz(x, Y) + e y

where fo(x, y) and ho(x, y) are given by (48). Substituting (54) in (52) and noting that
the integrands in each of the integrals in (53), by virtue of construction, have a first
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term of order w in the low-frequency expansion, we get the following integrodifferential
cquations for determining f(x. y) and h,(x, y) upon equating cocfficicnts of w on both

sides of (52):
i .
[l—v)axz ayz]fol(xyy)RdS

aZ
v 5 ff h(x', y)R dS = P,

ff&yMﬁ

(55)

ax ay

h )a ]ﬂmuymﬁ—@

In (55) wP, and wQ are the first terms in the low-frequency expansions of €{(x, y) and
€3(x, y), which are obtained from €,(x, y) and ex(x, y) in (53) on replacing f(x, y) and
h(x, y) by their zero-order solution, namely, fo(x, y) and ho(x, y), respectively.
In a similar fashion, any higher-order f,(x, y) and h,(x, y) are related to lower
orders f,_(x, y) and h,_ (x, y) through a similar integrodifferential equation like (55).
Before proceeding to get a solution of (55) it is necessary to find P, and Q;. To
do this we make the substitution

3

X

k cos x, n

ol

k sin x,

rcos ¢, y = rsin ¢.

Then

x, y) = up = Juy = Jiz, (56)

where

Jll

0

V2 r2w vok3 cos® x  sin®
CM()-II[ s —w]mm
sin[k(a® cos? x + b? sin? x)'?]
(a cos® x + b?sin® y)'2 dk dx. (57)

1n = 2n in?
- ciab f f v2k3 cos? X _ sin®x
P 4F (k) v
sin[k(a? cos? x + b? sin? ¥)'?]
(a® cos® x + b? sin® x)'?

=~
o
I

X Jan(kr)

dk dy.

Following a method similar to that in Section 4, we can show that

S _ﬁg_éfzﬂ f“kg(k% kz)llz.,o(k'.)e---lkmzco.v.?x-Hﬁsm“x)"2
" o (K- K327 + I2(kT - K)'2(k3 — k3)'™
. fxzk%(kz - k%JZ)Z(‘% - kz)!nje(kr)e—-l&(mcoszx+bzsm3x)“’2

K (k* — k3/2)* + KM (k3 — ) (kT - k)

_.M —ispludcos?x + bisin2y)W2 C052 X dx
F'(sgr) (a®cos?x + b*siny)'?

dk

dk
(58)

2 Jolkr) A(udcosiy + bisinix)i2 Sinzx
- — ik ~ dkdy,
cra f (k2 w@a-rne (@cosiy + bisiniy) 2 X

SAS 22 3-E
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which, when expanded 1n powers of 4, gives

Aol —v) cos? x dx ik A, (1 — v)T
Ju = abe, | - f
e [ 2 o (a®cos? x + b?sin? x)'2 2
w (2" sin? x dx . R
2 Jo (a®cos? x + b%sin? x)'? * ikem + olk3) | (59)

where, forn = 0, 1, 2,

A = 1 l:_ ‘TI'S"(SZ - ])1/2 f-y X"(] - xZ)IIZd_x
n 2(1 _ V) F’(s) 0 (x2 _ &)2 + XZ(.YZ —- XZ)I/Z(] _ X'.!)I/Z
fl XZ(xZ - i)Z(l _ x2)l/2 dx
vy =D+ A - - XY

(60)

vy = kalky, s = kzs. We note that A, (n = 0, 1) as given by (60) is identical with
similar quantity in [3].
Noting that A = m and using tables of elliptic functions, we get

Sy = - 2_%1‘3[(1 ~ W (E - ki?K) + (K - E)]

+ 'k?znc,ab [Ai(1 = v) + 2] + o(k3)

= up + "‘fw[A.(l - V) + 2]ciab + o(k3), (61)

on using (50). Similarly it can be shown that

J]z -~ O(k%) (62)

Also, €3(x, y) ~ o(k3).
From (56), (61) and (62) we obtain

P = - i [A(1 = v) + 2]ciabnw, Q) = 0. (63)

Then (55) gives, similar to (47),
imcyablA (1 — v) + 2] H(l - x*la® = y*Ib*)

28 [(1 —v) (8%/0x*) + *loy* W X (I = &la® = yb3)'2" 64)
hl(xv y) = 0.

fl(x¢ }’) =

We could easily obtain higher-order approximations. However, since the com-
putations are rather involved, we restrict ourselves to first-order resulits.
The quantity of physical interest is the load on the disc, which is given by

P=-rutny0=-u[ [ 1-iBew
+ inC(E, ple~*™ de dn = — 2umf(x,y). (65)

Then from (54), (48) and (64) we get
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= ll»llok(zl
bl(1 — v) (E — ki?K) + K — E]

y {1 N ikaak3[A\(1 = v) + 2] H( - 2la® - yb?)
4(1 — v)(E — k*K) + K = E}) (1 = x*la® = yHbY)'?°

P

(66)

Thus the total load, which is a constant multiple of the dynamic compliance, is given
by

B 2mpspkda
ﬂs”d"dy SU-WE-kiK)+K-E

ikak3alA,(1 = v) + )]
X {' Y AT - WE-kPK) T K < E]}' (67)

6. DISCUSSION

In the limiting case of a circle (b — a) exhibiting horizontal vibration of constant
amplitude, the total load given by (67) agrees with that in [3] when due consideration
is given to the fact that in our case a harmonic time dependence e’ is assumed.

We have thus shown how the low-frequency expansions of the dynamic compli-
ances can be obtained for horizontal and vertical vibration, once the static loading case
is known. However, the evaluations of terms beyond k3 in case of vertical vibration
and beyond & in case of horizontal vibration become rather involved. Since the expres-
sion for the load on the disc is, however, known from our work, perhaps a combination

of variational techniques used in [7] and the present method can be used for obtaining
terms beyond k3.
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HOWN

APPENDIX

The following integrals have been used in the text:
-
s R(1 — x'¥a® - yIp*)'2 "

= R dx' dy’
I= f.[s (1 = xYa? = y21p3)'2"

where R = [(x — ') + (v = ¥'PP]'" and S is the elliptic region x*/a* + ¥*/b* < |.
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Details of evaluation of the integral have been considered in [8]. Integrals can be evaluated after a polar
coordinate system relative to (v, v) 18 introduced and then evaluating either directly or after reducing the
integra! to a branch hine integral and evaluating by the residue method

In terms of elliptic functions of the first and second kinds with argument Ao = (1 — b*/a”)'* the values
of the integral are

I = 2nhK.
I :b ,Zb
=Tk b e k) + 22k - B,
ko® hs k5

ko = (1 — A3)'* = bla



